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Abstract. In this paper, we define the inverse surface of a tangent 
developable surface with respect to the sphere S c (r) with the center c € E 3 and 
the radius r in 3-dimensional Euclidean space E 3 . We obtain the 
curvatures, the Christoffel symbols and the shape operator of this inverse 
surface by the help of these of the tangent developable surface. Morever, we 
give some necessary and sufficient conditions regarding the inverse surface being 
flat and minimal. 
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1 Introduction 

The last ten years, the developable ruled surfaces are studied by many 
mathematicians. Developable surfaces are a type of important and fundamental 
surfaces universally used in industry design. Different methods have been pre- 
sented for the design of developable surfaces. The use of developable surfaces 
in ship design is of engineering importance because they can be easily manu- 
factured without stretching or tearing, or without the use of heat treatment. 
In some cases, a ship hull can be entirely designed with the use of developable 
surfaces. See, [1 \M QT]. 

On the other hand, a conformal map is a function which preserves the angles. 
The conformal mapping is an important technique used in complex analysis and 
has many applications in different physical situations. 

An inversion with respect to the sphere S c (r) with the center c 6 E 3 and 
the radius r given by 

C + n 72 (P " C ) ' 

Hp-c|| 

p£E 3 , is a conformal mapping and also is differcntiable. In E , the inversion 
is a transformation defining between open subsets of E 3 . 



In this paper, we firstly tell inversions and inversions of surfaces in E 3 . Next, 
we give the fundamental forms, the curvatures(Gauss and mean), the shape 
operator and the Christoffel symbols of the tangent developable. Finally, us- 
ing by these properties, we obtain these of the inverse surface of the tangent 
developable. 



2 Basic notions of inverse surfaces 



Let c £ E 3 and r £ K+. We denote that (E 3 )* = E 3 - {c} . Then, an inversion 
of E 3 with the center c £ E 3 and the radius r is the map 

$[c,r] : (E 3 )* — > (E 3 )* 

given by 



r 2 



*[c,r](p) = c+- -s(p-c). (2.1) 

\\P- C \\ 

Definition 2.1. ([7]) Let i> [c, r] be an inversion with the center c and the 
radius r Then, the tangent map of $ at p £ (E 3 ) is the map 

<£* p :T p ((E n y)^T Hp) ((E™)*) 

given by 

\\p-c\\ \\p-c\\ 



where v p £ T p ((E 3 )*) 



Now, let us assume that X : U C E 2 — > (^ 3 )* is the parametrization of a 
surface. The inverse surface of X with respect to $ [c, r] is the surface given by 

2) = $[c,r]oX, (2.2) 

Throughout this paper, we assume that $ is an inversion of E 3 with the 
center c and the radius r, X is a patch in (E 3 ) and 2) is inverse patch of X with 
respect to $. 

Let Ix, IIx and H x be the first and second fundamental forms and 
the curvatures (Gauss and mean) of X, and let 1%), 11%) and K^, H<y be these 
of 2J, respectively. From [T|, we have 

I 9 0$, = \ 2 I X , (2.3) 

11% o = -A/Zje - 26I X , (2.4) 

^ = ^ + ^A" 1 ^ + ^ 2 , (2.5) 



2 



Hy=-\ Hx -^, (2.6) 



where A = S = 2r 'f^*r c)) and r, = (U x , (X - c)>. 



3 The tangent developable surface 

Let 7 : / C R — > E 3 be a curve with arc- length s and {T, N, B} be Frenet 
frame along 7. Denote by k and r the curvature and the torsion of the curve 7, 
respectively. Then we have Frenet formulas 

T'(s) = k(s)N(s), 

N'(s) = -k(s)T(s)+t(s)B(s), 

B'(s) = -t(s)N(s). 

The tangent developable of 7 is a ruled surface parametrized by 

m(s,u) = 7 (s) + uT(s) , (3.1) 

where T is unit tangent vector field of 7. As it is known, the coefficients of the 
first and second fundamental forms of the surface DJl (s, u) have following 

E m = 1 + (unf , F m = G m = 1, (3.2) 

and 

em — —sgn (un) (ukt) , fm = gm = 0. (3.3) 
The normal vector field of the surface Wl(s,u) is given by 

U<xn (s, u) — —sgn (uk) B (s) . (3-4) 

Next the curvatures (mean and Gaussian) and the matrix of shape operator of 
this surface are respectively as follows 

—sqn(un)T , n 
Hm= \ , and K mx = 3.5 

2uk 



and 

S<m — 

Finally, the Christoffcl symbols of the surface DJl(s,u) are given by 

UK. + K 



( —sgn (uk) t\ 


'l l" 


V 2uk ) 






(3.6) 



(rii) 



an 



UK 

— K (l + (uk) 2 ) — UK S 

(^)m - V UK J • ( 3 - 7 ) 

( r i2) OT = - ( r !2) OT = "I 



( r 22) OT - ( r 22)f0i-°- 
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4 The inverse surface of the tangent developable 



We show that OT is the inverse surface of the tangent developable surface OJt with 
respect to the inversion $. Thus the inverse surface OX has following parametriza- 
tion 

r 2 

OT = c + ? (0K-c). (4.1) 

\\M-cf 

Hence, if we take into account the equalities (2.3) and (2.4) , then the coef- 
ficients of the first and second fundamental forms of the inverse surface Ot by 
the help of these of the surface OJt are given by 

En = A 2 (l + K) 2 ) , Fk = Gk = A 2 , (4.2) 

l<n — sgn (uk) Xukt — 2d(l + {uk) 2 ^J , m<n — n<yi = —2(5, (4.3) 

where Eyx, F<n, G<j\ and l<yi, m<n, n<yi are the coefficients of the first and second 
fundamental forms of the inverse surface 01, respectively. 

Morever,the Gauss and mean curvatures of the inverse surface 01 by the help 
of these of the surface 9J1 are respectively, using by (2.5) and (2.6) , 



K m = 



^H n(MK) 2A^ + S)' (44) 
r 2?7 

Hn = sgn(uK)— -, (4.5) 

zauk r z 

where K<yi and H<x are the Gauss and the mean curvatures of the inverse surface 
01, respectively. 



Theorem 4.1. Let 01 be the inverse surface of the tangent developable 
surface 9J1 with respect to the inversion $. Denote by S<ji the matrix of the 
shape operator of the inverse surface 0T, then S<yi is given by the help of that of 
0J1 as follows 



son (uk) -t 1 -3 son (vk) -t 21 - 

& \ / auk r z ^ \ / Avk. 
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(4.6) 



Proof. Let Syn be the matrix of the shape operator of surface 971. By using 
the equalities (2.3) and (2.4) , we can write 



S<n o = -A 1 S< m oVh, 



(4.7) 



where I2 is identity, A 



lian-cii 



and 77 = (Usm, (OJt — c)) . Hence from (3.6) and 



(4.7) , we obtain that the equality (4.6) is satisfied. 
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Theorem 4.2. Let (j^jkj be the Christoffel symbols of the inverse surface 

9T. The Christoffel symbols of the inverse surface 9T by the help of these of the 
surface 9JI are given by 



/ r l \ _ u,rv s t n, 



fr 2 



it ,, + K (M 2 -i)€ + ((-) 2 + i)€ 



01 uk 2\ 2 (uk) 2 



-k(i + {uk) 2 ^ -uk s [{uk) 2 + l) ^ + ((uk) 2 + l) 



2 

j 

du 



(W + 1) £ - € 



2A 2 (uk)' 



1 12jl ^ " « + 2A 2 ( MK ) 2 



/ 9A^ _ d\ 2 \ 



2A (uk) 



{{UKf l) ^ + 



22; ^ " " 2A 2 ( U «) 2 



Proof. Considering the equality (2.3) , for i, j, fc = 1, we can write 

^11^-^11^+ 2A 2 [£ OT G OT -i^] 

where A = p^~|p an d (r^)^ is the Christoffel symbol of the tangent devel- 
opable surface. Thus, from the equalities (3.2) and (3.7) , we obtain 

rrM = UKs±K (W - l) g + (K) 2 + l) g 

1 U) * uk + 2X 2 (uk) 2 
Others are found in similar way. 



Theorem 4.3 Let 91 be the inverse surface of the tangent developable sur- 
face SOT with respect to the inversion $. Then the inverse surface 9T is a flat 
surface if and only if either the normal lines to the surface SOT or the tangent 
planes of the surface 9JT pass through the center of inversion. 
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or 



Proof. Let us assume that the inverse surface 91 is flat, then from (4.4) , 
we can write 

^(- S5 " (MK) 2i + ^)= ' (49) 

where either 

V = (U m ,(Wl-c))=0, (4.10) 

sgn{uK) 2L = ^- (4J1) 

If the equality (4.10) is satisfied, then the tangent planes of the surface DJl pass 
through the center of inversion. If the equality (4.11) holds, then it follows 

T 

Um = sgn (uk) - — (371 — c) . 

ZlLK 

Namely, the normal lines to the surface !Jt pass through the center of inversion. 
The proof of sufficient condition is obvious. 



Theorem 4.4 Let be the inverse surface of the tangent developable sur- 
face 9JI with respect to S c (r) . The inverse surface 9T is minimal if and only if 
the normal lines to the surface 9JT pass through the center of inversion 



Proof. The proof is same with that of Theorem 4.1. 



Applications. 



Fig 1. 
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Fig 2. 



Fig 1: The helicoid given by (u cos v, u sinv, 2v) . 

Fig 2: The inverse surface of the helicoid with respect to unit sphere given 

by 

2v 

■ cos v, — k sin v 



u 2 + 4y 2 u 2 + 4v 2 u 2 +Av 2 ■ 
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